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1. Introduction 



Many problems in dynamics can be reduced to the study of cohomological 
equations UKatOll . [|Kat03ll . The simplest and most fundamental example 
of a cohomological equation for a flow generated by a smooth vector field 
X on a manifold M is the linear partial differential equation 

(1.1) Xu = f 

that is, the problem of finding a function u on M whose derivative along 
the flow is equal to a given function / on M. Roughly speaking, the C°°- 
cohomology of the flow is the space of non-trivial obstructions to the ex- 
istence of a C°° solution u of (11.11) for any given function / G C°°(M). 
This notion is well-defined if the range of the Lie derivative operator on the 
space C°°{M) is closed. In this case the vector field is called -stable. 

In the 80's A.Katok f Hur85L IIKatOlll . [|Kat031 proposed the following 
conjecture. A vector field X on a closed, connected orientable manifold 
is called cohomology free (CF) or rigid if it is stable and the space of ob- 
structions to the existence of solutions of the cohomological equation (11.11 ) 
for smooth data is 1-dimensional. A classical example of (CF) vector field, 
well-known from KAM theory, is given by constant Diophantine vector 
fields on tori. Katok conjectured that these are the only examples up to 
smooth conjugacies. 

A related conjecture has been proposed earlier in 1973 by S. J. Greenfield 
and N. R. WaUach [IGW73L They introduced and studied [IGW73II . llGWl 
the notion of a globally hypoelliptic ( GH) vector field and conjectured that 
the only such vector fields (up to smooth conjugacies) are constant Dio- 
phantine vector fields on tori. A (GH) vector field X is characterized by 
the property that if XU is smooth for some distribution U E D'(Af) then 
U is smooth. This notion is modeled on the definition of a hypoelliptic 
differential operator in the theory of partial differential equations. 
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In this paper we review recent progress, mainly due to W. Chen and M. 
Y. Chi nCCOOn . F. and J. Rodriguez-Hertz [RH RH061I . on the solution of 
these conjectures and derive a proof of both the conjectures in dimension 
3. The argument reduces the (CF) conjecture in the general case to the 
contact case which can be finished by invoking the proof of the Weinstein 
conjecture recently announced by C. Taubes [TauOVJ. In fact, every (CF) 
flow is volume preserving and uniquely ergodic, while according to the 
Weinstein conjecture every contact flow on a closed, orientable 3-manifold 
has at least one periodic orbit. 

In PCCOOII the authors propose a proof that every (GH) vector field on 
a torus is (CF). The argument, which is essentially correct and generalizes 
word for word to the general case, is presented below in ^ . It follows 
that the notions of (GH) and (CF) vector fields and the related conjectures 
are equivalent. Hence the Greenfield- Wallach conjecture in dimension 3 is 
also proved. We are grateful to F. Rodriguez-Hertz who informed us of the 
results of HCCOOII in a personal communication. In this paper we prove: 

Theorem 1.1. Let M be a closed, connected, orientable 3-manifold. If 
there exists a ( CF) smooth vector field on M, then M is diffeomorphic to a 
torus and X is conjugate to a Diophantine vector field or M is a rational 
homology sphere and X is the Reeb vector field of a smooth contact form. 
The latter case can be ruled out if the Weinstein conjecture holds. 

The proof is based on the remarkable result of F. and J. Rodriguez-Hertz 
who proved that if M admits a (CF) vector field than M fibers over a torus 
of dimension equal to the first Betti number of M [RHRH06j. Our argu- 
ment consists in ruling out the existence of (CF) vector fields for all man- 
ifolds with Betti number strictly less than 3. In case the Betti number is 
2 we prove that every (CF) flow on M is homogeneous, which contradicts 
a theorem of I1GW73II which proves the Greenfield- Wallach conjecture in 
the homogeneous case. In case the Betti number is equal to 1, a standard 
topological argument proves that any (CF) flow would have periodic orbits, 
a contradiction. The case of vanishing Betti number is harder. A simple re- 
mark shows that any (CF) vector field is tangent to a smooth plane field. In 
the integrable case, we are able to again prove that the flow is homogeneous. 
In the non-integrable, contact, case, the Weinstein conjecture immediately 
implies the Greenfield- Wallach or the Katok conjecture. It would seem that 
a proof that there is no uniquely ergodic contact flow in dimension 3 should 
be within reach of softer methods from the theory of dynamical systems but 
we were so far unable to complete such an argument. 

We would like to acknowledge that partial proof of the results of this 
paper were obtained independently by A. Kocsard in his Ph. D. thesis 
HKocOVL In particular Kocsard independently proved the 3-dimensional 
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Katok conjecture for the cases of non-zero first Betti number. In the case of 
vanishing Betti number, after we informed him of our results, in particular 
of the existence of an invariant plane field, he produced an alternative proof 
in the integrable case. Finally, we would like to thank L. Flaminio for many 
discussions on the topics treated in the paper. 

2. COHOMOLOGY-FREE VECTOR FIELDS 

Let M be a closed, connected, orientable smooth manifold. 

Definition 2.1. ( IIKatOlL IIKat03ll ) A smooth vector field X on M is called 
-stable if the Lie derivative operator Lx : C°°(M) ^ C°°(M) has 
closed range. 

If X is stable, the C°°-cohomology of X is well-defined and coincides with 
the space of all X-invariant distributions. Let 1)'{M) be the space of dis- 
tributions on M (in the sense of L. Schwartz), that is, the dual space of the 
Frechet space C^iM). 

Definition 2.2. A distribution D e V{M) is called X-invariant if X2) = 
in T>'{M). In other terms, the space Jx(Af) of X-invariant distributions is 
the kernel of the Lie derivative operator Lx ■ T)\M) D\M). 

By definition a distribution is X-invariant if and only if it vanishes on the 
range of the operator Lx : C°°(M) C°°{M). It follows from the Hahn- 
Banach theorem that if X is C°°-stable, the cohomological equation (11.11 ) 
has a solution u E C^{M) if and only if ©(J) = for all D e Jx(M). 
Similar notions of stability and cohomology of a vector field can be intro- 
duced for different regularity classes [ KatOTII , ||Kat03ll . For instance, we can 
say that X is (r, s)-stable if the set {Xu e C'{M) \ u E C"'(M)} is closed 
in C'^(M). The (r, s)-cohomology of X is then the set of obstructions to the 
existence of a solution u E C'''{M) for a given / E C^{M), that is, the sub- 
space of X-invariant distributions which belong to the dual space C*(M)*. 
In this paper we will consider only the case r = s = oo. 
It is clear that all Borel probability measures invariant under the flow {4>f} 
generated by X are X-invariant distributions via integration. By the Krylov- 
Bogoliubov's theorem if M is compact there exists at least one invariant 
probability measure for any continuous flow on M. It follows that the range 
of the operator Lx on C°°(M) has codimension at least 1. 

Definition 2.3. ( IIKatOlll . IIKat03ll ) A smooth vector field X on M is C^- 
cohomology free (CF) or -rigid, if for all / E C^{M) there exists a 
constant c(/) G C and n G C°°{M) such that 

Xu = f-c{f). 



4 



GIOVANNI FORNI 



It is immediate to verify that the properties of stability and rigidity are in- 
variant under C°° conjugacies. The fundamental dynamical properties of 
(CF) vector fields are easily proved. 

Proposition 2.4. A IIKatOlll p. 21] Let X be a (CF) vector field. Then the 
flow {(pf} is conservative, that is, there exists a smooth {(pf} -invariant 
volume form uj on M. The space [Jx(M) of X -invariant distributions is 
one-dimensional and equal to Ccj. In particular the flow {cpf} is uniquely 
ergodic and minimal (strictly ergodic). 

Proof. It is immediate to prove that Jx(^) is one-dimensional, hence in 
particular the flow {(pf} is uniquely ergodic. Let w be any smooth volume 
form and let / G C°°(M) be the function such that Lxw = fw. Since X 
is (CF), there exists c/ G C and m G C°°(M) such that Xm = / - c/. Let 
Lu := e~^w. Then 

Lxoj = (/ — Xu)uj = CfUj . 
This implies that c/ = since 

c/Vol,(M)= f LxuJ= [ d{ixuj) = 0. 
Jm Jai 

It follows that the volume form u is {</)^} -invariant, hence it coincides, up 
to normalization, with the unique invariant probability measure. □ 

If M = T*^ is the n-dimensional torus, it is a simple but fundamental result 
that all Diophantine constant flows are (CF), while all ergodic Liouvillean 
constant flows are not C°°-stable (see UKatOlU p. 19). We recall that a 
constant vector field X = (ai, . . . , a„) on T'^ is called Diophantine if there 
exist constants 7 > and C > such that 

n „ 

\Y,ha,\ > foraUA; = (fci,...,fc„) gZ"\{0}. 

An ergodic constant vector field on T" that is not Diophantine is called 
Liouvillean. The cohomological equation for constant vector fields on T" 
can be analyzed by means of the standard Fourier series expansions. A 
stronger result which can be derived by adapting to flows methods devel- 
oped for maps by Luz and dos Santos [|LdS98ll is that every (CF) vector 
field on a torus is smoothly conjugate to a constant Diophantine vector field 
(see [KocOV], §2.2). A more general result which holds for any closed, con- 
nected orientable manifold has been proved recently by F. and J. Rodriguez- 
Hertz [IRHRH06L Their work will be outlined below in §11 
Several examples of C°°-stable vector fields which are not (CF) are known. 
Such examples can be hyperbolic (for instance, geodesic flows on com- 
pact surfaces of constant negative curvature ||dlLMM86ll ) or parabolic (for 
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instance, horocycles flows on compact surfaces of constant negative cur- 
vature [IFFU3II or nilflows on nilmanifolds other than tori IIFF06L [IFFU7II ). 
However, there are no known examples of (CF) vector fields on manifolds 
other than tori. A.Katok has proposed the following 

Conjecture 2.5. (BHurHH, UKatOlll . UKatOBH ) If a closed, connected, ori- 
entable manifold M admits a ( CF) vector field X, then M is diffeomorphic 
to a torus and X is smoothly conjugate to a Diophantine vector field. 

We will refer to the above conjecture as the Katok conjecture. 

3. Globally hypoelliptic vector fields 

The notion of a (CF) vector field and the related Katok conjecture were 
introduced an studied independently of a closely related notion introduced 
by Greenfield and Wallach in IIGW73H . 

Let T)'„{M) denote the space of currents of degree n = dim(M) (and di- 
mension 0). We remark that currents in D^(M) are by definition contin- 
uous linear functionals on the space C°°{M) of smooth complex- valued 
functions, hence the space T)'^(M) coincides with the space D'(M) of dis- 
tributions on M. Any smooth ri-form defines by integration a distribution 
on M, hence the space ^1" {M) of smooth n-forms on M can be naturally 
identified to a subspace of I'^(M). 

Definition 3.1. [IGW73II A smooth vector field X on M is globally hypoel- 
liptic (GH) if^xU e QP{M) implies U G ^]"(M) for any U e 2);(M) . 

In ['GW73'| the authors proved several basic results on (GH) vector fields. 
The fundamental result on the dynamics of (GH) vector fileds is the follow- 
ing non-trivial 

Theorem 3.2. r [IGW73L Theorem 1.1) Let X be a (GH) vector field. Then 
the flow {<t>f} is conservative. Let uj denote the {(pf} -invariant volume 
form. The space 3x{M) of X -invariant distributions is one -dimensional 
and equal to Ccj. In particular the flow {ipf} is uniquely ergodic and min- 
imal (strictly ergodic). 

The paper then focuses on the following conjecture, proved in a few cases: 

Conjecture 3.3. I1GW731I If a closed, connected orientable manifold M 
admits a ( GH) vector fleld X, then M is diffeomorphic to a torus and X is 
smoothly conjugate to a constant Diophantine vector fleld. 

We will refer to the above conjecture as the Greenfleld-Wallach conjecture. 
In [IGW73.I the conjecture is proved in the following cases: if M has dimen- 
sion n = 2; if M is of the form G/H,G a Lie group, H a co-compact closed 
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subgroup, X is the projection on M of a right-invariant vector field and ei- 
ther G is compact or G is a connected, simply connected 3-dimensional Lie 
group and = F C G is a co-compact lattice. 

Our proof of the conjecture in dimension 3 is based in part on a reduction 
to the 3-dimensional homogeneous case: 

Theorem 3.4. f[|GW73l, §2) The Greenfield-Wallach conjecture holds if 
M = G/T is a homogeneous space of a 3-dimensional, connected and 
simply-connected Lie group and the (GH) vector field X on M is the pro- 
jection of a right invariant vector field on G. 

Integrable function on M are naturally currents of degree (and dimension 
n), that is, continuous linear funtionals on i7"(M) . The space Dq(M) of 
currents of degree (and dimension n) can be identified with the space 
I'^j(M) of distributions but the identification depends on the choice of a 
volume form. Let /^j : T)q(M) T)'^(M) be the standard isomorphism 
defined as 

I^:U^UAuj, f/e'Do(M). 

If uj is X-invariant, that is, the Lie derivative = 0, the isomorphism 
commutes with the operator Lx on currents, in particular 

It is an exercise to prove that every (CF) vector field is (GH). The argument 
is based on the following simple lemma. A smooth vector field X is called 
conservative if there exists a smooth X-invariant volume form on M. 

Lemma 3.5. A smooth conservative vector field X on M is ( GH) if and 
only ifLxU e C°°(M) implies U G G°°{M)forany current U e Do{M). 

Proposition 3.6. Every ( CF) vector field is ( GH). 

Proof. If X is (CF) than X there exists an X-invariant smooth volume form 
cuonM (see Prop. [HI). Let U E 'D'q{M) be such that XU = f E G°^{M). 
Since X is (CF), there exist a constant c/ G C and a solution u E G°°{M) 
of the equation Xu = f - Cf. It follows that X{U - u) = cj in Ti'q{M), 
hence c/ = 0. In fact, since Lxu) = 0, 

voL(M)cj = (c/, uo) = {X{U -u),uj) = {U -u, Lxuj) = . 

However, since X is (CF), the kernel of Lx on !Dq(M) is trivial, equal 
to the subspace of constant functions. It follows that U — uuj E C and 

U E C°°{M). □ 

The converse statement is less evident. In terms of the notion of a C°°-stable 
vector field (see Definition 12. II) . the contribution of Greenfield and Wallach 
in this direction (see [IGW73II , Prop. 1.5) can be formulated as follows: 
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Proposition 3.7. Every C°° -stable (GH) vector field is (CF). 

Proof. If X is C°°-stable, then the cohomological equation Xu = f has a 
solution u e C^iM) for every / G JxiM)^ C C°°{M). If X is (GH), the 
space JxiM) is one-dimensional, hence X is (CF). □ 

On the basis of special cases, it natural to "suspect that the range of a (GH) 
vector field is always closed" in T)q(M) (see the Note at the end of §1 in 
IIGW73II ). that is, that every (GH) vector field is C°°-stable, hence it is 
(CF). However, this question has remained open until recently. In [GWJ, 
Greenfield and Wallach proved a partial converse which can be formulated 
as follows: 

Proposition 3.8. IfX is volume preserving, C°° -stable and if the space of 
X -invariant distributions 3x{M) C Q"'{M), then X is a (GH) vector field. 

Proof LetU G 2)^(M) be suchthatL^f/ = / G C°°(M). SmceJx{M) C 
fln{M), it follows that / G JxiM)-^ and, since X is C7°°-stable, there exists 
u G C°°(M) such that Xn = /. Let denote the X-invariant volume form. 
The distribution {U - u) A u e "Jx^M) C ^"(M), hence U G C°°(M). 
Thus X is a (GH) vector field by Lemma [331 □ 

In 2000 Chen and Chi HCCOOH have published a paper based on the result 
that (GH) vector fields on tori are always C°°-stable. Their argument is 
essentially correct and generalizes word for word to any compact manifold. 
We owe this remark to F. Rodriguez-Hertz. 

Theorem 3.9. (after Chen and Chi IICCOOH ) Every (GH) vector field on M 
is C°° -stable, hence it is (CF). 

Proof. Let to be the (normalized) X-invariant volume form and let (M, cu) 
be the standard Hilbert space of square-integrable functions with respect to 
the X-invariant volume. Let {/7'*(M)|s G M} be the standard family of 
Sobolev spaces on the compact manifold M. We remark that the space 

endowed with the sequence of Sobolev norms {|| • ||„|n G N}, is a Frechet 
space. Let L : H~^{M) H°°{M) be the linear densely defined operator 
defined as follows: 

Lif)=Xf, f eD{L) = H^{M). 

Since X is (GH), the operator L on H~^{M) is closed on the (dense) do- 
main D{L) = H^{M), hence its graph Gl = {{f,Lf)\f G D{L)} is 
a closed subspace of the Frechet space H^^{M) x H°°(^M). The linear 
operator n : Gl ^ L'^i^M, cu) defined as 

7r(/,L/) = /, f eD(L) = H^(M). 
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is closed operator on the Frechet space Gl (a closed subspace of the Frechet 
space H~^{M) x H^{M)), hence it is bounded by the closed graph theo- 
rem. It follows that there exist s G N and a constant C > such that, for 

any / G H'^{M), 

(3.1) ll/llo<C^(||/||-i + ||X/L). 

We claim that there exists C > such that the following estimate holds: 

(3.2) ||/||o<C"||X/||,, forall/Gi/°°(M) such that / fu = 0. 

Let us assume that the claim does not hold. Then there exists a sequence 
{fj\j G N} in iJ°°(Af) such that /^^ fjU = and 

||/,||o = l, ||X/,||,^0. 

Since L^(M, cu) is a (separable) Hilbert space, there exists a subsequence 
{/jj/c G N} weakly convergent to / G L'^{M,uj). Since Xfj ^ in 
H^{M), it follows that X/ = in 2)o(M), hence / G C is a constant 
function. However, J^j. fj^uj — > jj^^ feu = 0, implies that / = 0. By Rellich 
embedding theorem, the embedding L'^(M,uj) H^^(M,uj) is compact, 
hence fj^. — > strongly in H^^{M). Finally, by estimate (|3.1I) we have 

ll/.JIo<C(||/,J|_i + ||X/,J|,) , 

hence fj^, in L'^{M,uj) contradicting the assumption that \\fj\\o = 1 
for all J G N. The claim is therefore proved. 

Since L'^(M,uj) is complete and X is (GH), it follows immediately from 
the estimate (1X11 ) that X is C°°-stable, hence it is (CF) □ 

The above results can be summarized as follows: 

Theorem 3.10. Let X be a smooth vector field on a closed connected man- 
ifold M. The following statements are equivalent: 

{I) Xis (GH); 

(2) X is (CF); 

(3) X is volume preserving, C°°-stable and all X-invariant distribu- 
tions are smooth n-forms. 

We became aware of the the paper HCCOOII and of its main result (that (GH) 
vector fields on tori are smoothly conjugate to Diophantine vector fields) by 
reading the paper [RHRH061. However, the question whether every (GH) 
vector field is C°°-stable, hence (CF) was still proposed as an open question 
in the paper IIFF07II . Only recently, F. Rodriguez-Hertz has informed us that 
llCCOO l is actually based on a proof (for the toral case) that (GH) vector 
fields are (CF). The authors were apparently not aware of a paper of Luz 
and Dos Santos [|LdS98ll whose methods can be adapted to prove that every 
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(CF) vector field on a torus is smoothly conjugate to a constant Diophantine 
vector field (see HKocOVL §2.2) and give a (quite convoluted) independent 
proof. 

4. The first Betti number 

In this section we will outline recent progress on the Katok (and Greenfield- 
Wallach) conjecture due to F. and J. Rodriguez-Hertz [RHRH06J. Their 
main result can be stated as follows: a (CF) flow on a closed, connected 
manifold M has a smooth Diophantine factor on a torus of the dimension 
of the first Betti number of M. In particular, if the first Betti number is 
equal to the dimension of M, then M is diffeomorphic to a torus and the 
(CF) vector field is smoothly conjugated to a Diophantine vector field. 

Lemma 4.1. ^ [|RHRH06II . Prop. 1.3) Let p : M ^ N be a smooth fibration 
and let Y be a smooth vector fields on N such that Y = p*(X). If X is 
(CF), then Y is (CF). 

Proof. Let / G C°°(^N) and let g = f o p. There exists a constant c G C 
and a function v E C°°{M) such that Xv = g — c. For any y E N, the 
set My = p^^{y} is a smooth submanifolds of codimension equal to the 
dimension of A^. Let u be the X-invariant volume form on M and let cuy 
be the restriction of cu to My. The form cUy is a volume form on My and the 
function w : M M. defined for all a; e M as 

w{x) := voL^(^j(Mp(,)) 

is an X-invariant smooth function, hence it is constant equal to w E M"*". 
Let u E C°°(iV) be defined as 

u{y) := w^^ / vujy , for all y E N . 

J My 

A computation shows that 

LYu{y) = w'^ j Lxvujy= j {f o p - c)uy = f{y) - c , 

J My J My 

hence u E C°°{N) is a solution of the cohomological equation Yu = f — c. 
It follows that Y is (CF). □ 

The results of [IRHRH06II are based on the following simple but crucial idea: 

Lemma 4.2. Let X be a ( CF) vector field on M. There exists a continuous 
linear operator jx '■ fi^(M) Q^{M) on the space ofl-forms with the 
following properties. Let u be the normalized X -invariant volume form on 
M. For every f] E Q^{M), 

(1) ^xJxiv) = Im^x^^' 
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(2) the 1-form jxiji) " V '■^ exact; 

(3) ifixV is constant, then jxiv) i^ X -invariant. 

In particular, any de Rham cohomology class c G if^(M, M) has an X- 
invariant representative, that is, there exists r] G VL^{M) such that 

c=[r]\e H\M, M) and LxV = . 

Proof. Since X is (CF) there exists a linear operator ux '■ f2^(M) 
C^^M) such that for every G n^{M) the function m := ux{v) ^ C'^iM) 
is the unique zero-average solution of the cohomological equation 



(4.1) Xu = txV — / ^xV^- 



M 



Let jx : ^^{M) Q^{M) be the operator defined as 

jxiv) '■= V ~ duxiv) 5 for every t] G Q,^{M) . 

The operator jx is well-defined, linear and it is continuous since the opera- 
tor Ux is continous by the open mapping theorem, 

Property (1) and (2) hold by definition. If ixi] is constant, 

^xJxiv) = ^xV - dLxUxiv) = T'xdr] + dixi] - dixV = , 

hence jxiv) is X-invariant. Finally, if r] is closed, the form jx(^) is closed 
by (2) and it is X-invariant by (3). Hence every de Rham cohomology class 
has an X-invariant representative. □ 

Let Pi{M) := dim i7^(M, M) be the first Betti number of the closed, con- 
nected, orientable n-dimensional manifold M. 

Theorem 4.3. Let X be a (CF) vector field on M. There exist a smooth 
fibration p : M ^ T^^ ^^'^'^ and a Diophantine vector field Y on the torus 
TpftCM) ^j^^/j that p^:{X) = Y. It follows that Pi{M) < n and if equality 
holds then M is diffeomorphic to the torus T"^ and X is smoothly conjugate 
to a Diophantine vector field on T". 

outline. Let (3 := /3i(M) and let {ci, . . . , cp} C H^{M, Z) be an integer 
basis of the de Rham cohomology. By Lemma 14.21 there exists a system 
{r]i, . . . ,r]fs} C f2^(M) of closed, X-invariant 1- forms such that = 
[rik] G H\M, M) for all A; G {1, ... , /?}. Let Xq G M and let p : M ^ 
be the map defined as follows: 

(4.2) p{x) = ( f r]i,..., f r]fA eJ^ , for all x G M . 

The map p is by definition well-defined and smooth. In fact, each of the 
integrals in (14.21) are independent modulo Z on the choice of the path joining 
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the base point xq to x G M. Since the forms r^i 77/3 are closed and X- 
invariant , the vector field Y := is well-defined and constant on 

p{M), in fact, it is equal to 

Since the flow {0^} is minimal and p*{X) is a constant vector field, it is 
then possible to prove: (a) the range of p is a closed subgroup of T^, hence 
it is a sub-torus T" C T^; (b) by Sard's theorem the map p : M T°' 
has constant maximal rank, hence p : M — > T° is a fibration; (c) the map 
H^{M, R) H^{p-^{{t}),R) is trivial for any t E T", hence a = /?i(M) 
and the sub-torus = T'^ (p is surjective) ; (d) by Lemma l4m the constant 
vector field Y = p*{X) on is (CF), hence Diophantine. □ 

5. The case of 3-manifolds 

In this section we prove the Katok conjecture (hence by Theorem 13 .101 the 
Greenfield- Wallach conjecture as well) by the following method. We prove 
by contradiction that if M is a closed, connected orientable 3-manifolds 
with first Betti number Pi{M) < 3, then there is no (CF) vector field on M. 
The conjecture then follows from Theorem 14 .31 

In case Pi (M) ^ 0, we prove by an elementary argument based on Lemma 
14.21 and Theorem 14.31 that any (CF) vector field has to be homogeneous. 
The result of Greenfield- Wallach Theorem 13. 41 in the 3-dimensional homo- 
geneous case then implies that M is a 3-dimensional torus, a contradiction. 
If Pi{M) = 0, a simple key remark (which works only in dimension 3) 
proves the following dichotomy: either the flow is tangent to a smooth 2- 
dimensional foliations or it the Reeb flow for a smooth contact form. In 
the first case we again prove that the flow is homogeneous. The hard case 
which is left out at this point is the contact case. We can conclude the 
proof of the Katok conjecture by invoking the recent proof of the Weinstein 
conjecture by C. Taubes PTauOVH . In fact, by the Weinstein conjecture ev- 
ery Reeb flow in dimension 3 has at least a periodic orbit, hence cannot be 
uniquely ergodic. However, it seems important to develop different meth- 
ods better adapted to our problem, especially in view of generalizations to 
higher dimensions. 

A proof of the above-mentioned results in the case < Pi (M) < 3 has been 
obtained independently by A. Kocsard (see IIKoc07L Chap. 3) with methods 
similar to those of this paper. Kocsard has also proposed an alternative proof 
in the case that the flow is tangent to a 2-dimensional foliation (see [|Koc07ll . 
§4.3). His proof relies on several interesting ideas and results on the tangent 
dynamics of flows on 3-dimensional manifolds. 
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5.1. /3i(M) = 2. 

We prove below that M is a homogeneous space and the (CF) flow {(f)f} 
is a homogeneous flow. It then follows by the Greenfield- Wallach Theorem 
I3.4l that M is a 3-dimensional torus, which contradicts the hypothesis on the 
dimension of the homology group. 

By Theorem 14. 3 1 there is a fibration vr : M — such that the (CF) vector 
field X projects onto a constant Diophantine vector field n^(X) on T^. It 
follows that there exist two closed smooth 1 -forms r/i and r]2 on M such 
that the functions ixVi = 1 ^^id ixV2 G M \ {0} and the 2- form r/i A 772 
never vanishes on M. We remark that it follows that r]i and r]2 are invariant 
under the flow {0^^}, in fact the Lie derivatives 

(5.1) LxVi = d'ixVi + '>'xdr]i = , i = 1,2 . 

Let uj denote the {</)f} -invariant normalized volume form on M. We intro- 
duce a smooth non-singular vector field Z on M, tangent to the fibers of the 
fibration tt : M normalized so that the following properties hold: 

(5.2) izT]i = izr]2 = and izuj = r^i A 772 • 

This is possible since for every non-singular vector field \^ on M the kernel 
of the map ly : f2^(M) — n^{M) is 1 -dimensional, hence it is equal to 
lyil^^M). From properties (15.21 ) it follows that lu is invariant under the flow 
{0f }, in fact 

HzUJ = dizuj = d{rii A 772) = . 

In addition, since the 1 -forms 771, 772 and the volume form cu are invariant 
under and Z is uniquely determined by the properties (15.21) . it follows 
that Z is {0^} -invariant, hence the commutator [X, Z] = 0. In fact, 

(5.3) = ^xivi A 112) = = i[x,z]^^ ■ 

Let Y be any smooth non- singular vector field on M such that 

(5.4) Zyf]! = , = 1 • 

Since for i = 1, 2 

(5.5) = dr],{X, Y) = Xr],{Y) - Yr],{X) - r],{[X, Y]) , 

it follows that i]i([X, Y]) = 772 ([X, Y]) = 0, hence there exists a smooth 
function f on M such that [X, Y] = fZ. Let u be the solution of the 
cohomological equation 

Xu = f-[ fu. 
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Let Y := Y — uZ. We remark that lYrji = lyrji for i = 1,2. We have 

(5.6) [X, Y] = [X, Y]-XuZ = {f-Xu)Z= (^j fo}j Z . 

As in (15.51) . the following identities hold: 

(5.7) = dr^,{Y, Z) = Yr],{Z) - Z7],{Y) - ^^.([F, Z\) , 

hence there exists a smooth function g on M such that [Y, Z] = gZ. By the 
Jacobi identity, by (15.31) and (15.61) . 

(5.8) [X, gZ] = [X, [Y, Z]] + [Z, [X, Y]] + [Y, [Z, X]] = 

hence Xg Z = Xg Z + g[X, Z] = [X, gZ] = 0, which implies that g is 
{0^} -invariant, hence constant. 

In conclusion there exist a, 6 G M such that 

(5.9) [X, Y]=aZ, [Y, Z] = bZ and [X, Z] = . 

Let fla b be the (solvable) 3-dimensional Lie algebra defined by the commu- 
tation relation (15.91 ) and let Ga,b be the unique connected, simply connected 
Lie group with Lie algebra Qa,b- There exists a transitive, locally free action 
A : Ga,b X M — * M of Ga,b on M by volume-preserving diffeomorphisms, 
defined as follows: for all (s, t, u) G M'^ and all x G M, 

(5.10) A : (exp(sX) exp{tY) exp(uZ), x) ^ 0f o 0f o 0f (x) , 

hence M is a homogeneous manifold of the form Ga,b/^ for some co- 
compact lattice r and {(f)f} is a (CF) homogeneous flow generated by the 
right-invariant vector field X on M. It follows by Greenfield-Wallach The- 
orem [3]4] that M is a 3-dimensional torus as claimed. 

It is not difficult to prove that 6 = in the above argument, hence the group 
Ga,b is nilpotent and isomorphic to the 3-dimensional Heisenberg group. In 
fact, let ?73 be the smooth 1-form on M such that 

(5.11) ^xm = ^Ym = and izr]3 = 1 . 
As in (15.51) and (15.71) we compute 

(5.12) dr],{Z, Y) = Zr,^{Y) - Yr,;{Z) - r,^(\Z, Y]) = r^^(\Y, Z]) = g . 
By (|SH) and (|54l) . since Y = Y - uZ, the following identities hold: 

(5.13) lyrii = tzVi = , txVi = ^Yr]2 = 1 and i]i Ai]2 = iz^ ■ 

It follows that [rfi A dr]^) (X, F, Z) = —guj{X, Y, Z) and, since rji is closed, 

(5.14) d{r]i A T]3) = -r]i A dT]3 = g u , 
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which implies that the constant function g vanishes identically, in fact 



In this case we have a fibration vr : Af ^ such that n^(X) is a generator 
of the translations on It follows that Sr := 7r~^({r}) C M is a smooth 
compact surface transverse to the flow for any r e T^. Let S,- be a con- 
nected component of Sr and let : Sr ^ Sr be the first return map of the 
flow {(pf} to the surface S,-. If S,- is not homeomorphic to a 2-torus T^, 
it can be derived from the Lefschetz fixed point theorem that fr must have 
periodic points. The argument for compact surfaces is an exercise but we 
refer the reader to the paper [iFul53 l for more general results in this vein (we 
are grateful to E. Pujals for this reference). It follows that the flow {(pf} has 
periodic orbits, which contradicts unique ergodicity. Since X is (CF), the 
flow {(f)f} is uniquely ergodic, hence T.r is homeomorphic to T^. In this 
case, by the Lefschetz formula the map fr has no periodic points only if the 
linear map (/,-)* : Hi{T.r,'^) — * i/i(ST-,]R) has both eigenvalues equal to 
1. In this case (fr)* fixes at least one (integer) homology class. The first 
Betti number Pi{M) of the mapping cone M of the map fr'-^r^ '^t is 
at least equal to 2, in fact 

(3i{M) = 1 + dim Ker (/; -id)>2, 

in contradiction with the assumption that /3i(M) = L Hence if /3i(M) = 1 
there are no (CF) vector fields on M. 

5.3. l3i{M) = 0. 

If the cohomology H'^(M, R) = and X is a (CF) vector field, there exists 
a 1-form a such that 

(5.16) ixct G M and %xda = . 

In fact, let r]x '■= ix^- Since = 0, the form r]x is closed. If 

H^{M,M) = 0, there exists a 1-form 6^ on M such that d9 = rjx- Since 
X is (CF), there exists a function u G C°°(M) such that 



The 1-form a := 6 + du satisfies the required properties (15.161) . 

There are two cases: (a) ixd = ; (6) ixa ^ 0; In case (a) it is possible 
to prove that M is a homogeneous manifolds and {(pf} is a homogeneous 
flow, hence the Greenfield- Wallach Theorem l3.4l implies as above that M is 
a 3-torus, a contradiction. In case {h) the flow generated by X is the Reeb 
flow for the contact structure defined by the 1-form a, hence it has a periodic 



(5.15) 




5.2. /5i(M) = 1. 



(5.17) 
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orbit by the Weinstein conjecture, recently proved by C. Taubes UTauOVI . 
However, every (CF) flow is volume preserving and uniquely ergodic, hence 
it cannot have periodic orbits. 

Let us prove that in case (a) M is a homogeneous manifolds and {0^} is a 
homogeneous flow. Let a be a smooth 1-form such that rfa ^ and 

(5.18) ixcn = ixda = . 

It follows that a Ada = and a is -invariant, that is, 

(5.19) jCxa = dixOi + ixda = . 

Since the flow {(p^} is uniquely ergodic, it follows that the form a is ev- 
erywhere non-singular and there exists c G M \ {0} such that da = crfx- In 
fact, by (15.181 ) there exists / G C°°(M) such that da = f-qx- The function 
/ is {0^} -invariant, hence constant. It is therefore possible to normalize a 
so that da = rjx- By (15.181 ) it also follows that a A da = 0, hence there 
exists a smooth 1-form /3 (not unique) such that 

(5.20) da = p Aa. 

Let us compute the Lie derivative HxP- By formulas (15.191 ) and (15.201) 

(5.21) = Lxda = £.xP Aa, 

hence there exists a smooth function g on M such that LxP = ga. Let v be 
the solution of the equation 

Xv + g = gu = a eR 
Jm 

and let /3 := /3 + va. We then have 

(5.22) r^xP = ^xP + Xva = {g + Xv)a = aa . 
We remark that 

(5.23) da = pAa = PAa, 
hence = ixda = {ixP)a which implies 

(5.24) ixf3 = txa = 0. 

Let 7 be any smooth 1-form such that Zx7 = 1- Since 

u = ixOJ A'j = daA^ = aAl3A^, 

the forms a, (3 and 7 are linearly independent at all x G M, hence there 
exists smooth functions hi, h2, /13 on M such that 

(5.25) £;x7 = hia + + /isT • 
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Since dix'J = 0, it follows that £x7 = ^xd^y, hence 

hs = ix = . 
Let Wi and W2 be the smooth solutions of the cohomological equations 

Xwi + hi + aw2 = / hiu + a W2UJ = b E R 

(5.26) 

Xw2 + h2= / h2UJ = c eR. 



JM 

The above equations can be solved since X is a (CF) vector field. In fact, 
the second equation does not depend on the first equation, hence it has a 
solution W2 G C°°{M). Once the solution W2 has been chosen, the first 
equation becomes a cohomological equation for wi and can also be solved. 
Let 7 := 7 + Wia + W2/3. We remark that «x7 = ^x7 = 1. A computation 
yields 

£.x7 = ^xl + (Xwi) a + (XW2) (3 + W2 ^xP 

(5.27) 

= {Xwi + hi + aw2) a + {Xw2 + /i2) (3 = ba + cf3 . 

We have thus proved that there exists a,b,cEM. such that 

(5.28) = , LxP = aa and Lxj = ba + c/S . 

The above identities show that the flow {(pf} is 'homogeneous' . In order to 
prove that the manifold M has an homogeneous structure, we will compute 
the differentials of the forms a, (3 and 7. Since 

ixo. = ixP = and Zx7 = 1 , 

it follows from (15.281) that txd/3 = Lxl3 and ixd'^ = ^xl, hence there 
exist smooth functions ri, r2 G C7°°(M) such that 

d3 = —a(a A 7) + ri(a A 3) , 

(5 29) 

^7 = A 7) - c(/3 A 7) + r2(a A /3) . 
Since the forms a and da = /3 A a are {0^} -invariant, a computation yields: 

Lxdp = dixdp + ixd^jS = dixdp = d{aa) = —a a A P ; 
(5.30) = -aaA Lxl + {Xri) a A (3 = {Xri - ac) a A (3 . 

It follows that 

Xri = ac — a G M , 

which implies that ac — a = 0, hence a = or c = 1, and ri G M is a 
constant function. Similarly, we compute 

Lxc?7 = dixd'-f + ixd^-y = dixd'y 

= bda + cdp = {c ri — b) a A P — ac a A 'J 
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and 

£xc?7 = -ba A Lxl - c A 7 - c /? A £^7 + (-^^^2) a A /3 
(5.32) = -be a A 13 - aca A'y - bc/3 A a + {Xr2) a A (3 

= (Xr2) aA^ — acaAj. 

It follows that 

Xr2 = cri - 6 G M , 

which implies that cri — 6 = and r2 G M is a constant function. 

We remark that it is possible to distinguish two cases: (i) a 7^ and (u) 
a = 0. In case (i) we can assume that 6 = 0. In fact, we let 

7' :=7--/3- 

a 

We remark that we have «x7' = ix7 = 1- We compute 

^xl' = Lxl - - ^xP = cp. 
a 

It follows that in case (i) we can take 

a 7^ , 6 = 0, hence c = 1 , ri = . 

Let us introduce the unique frame {X,Y, Z} of the tangent bundle defined 
by the conditions 





«x7 = 


1, 


and 




= ixP = 


-- 


(5.33) 


^y/3 = 


1, 


and 




= ^Yl = 







tza = 


1, 


and 


tz(3 


= izl = 


0. 



A computation based on the equations (15.231) and (15.291) shows that the 
frame {X, Y, Z} generates the 3-dimensional Lie algebra characterized by 
the following commutation relations: 

[X,Y] = cX, 
(5.34) [X, Z] = -bX - aY , 

[Y, Z] = rsX + riY-Z. 

As in ^5.21 we conclude that M is a homogeneous manifold and {(pf} is 
a (CF) homogeneous flow. By Greenfield- Wallach Theorem 13. 41 it folUows 
that M is a 3-dimensional torus (and X is a Diophantine vector field). 

The proof of the Greenfield-Wallach and Katok conjectures in dimension 3 
is thus reduced to the proof of the Weinstein conjecture, recently announced 
by C. Taubes [|Tau07l . However, it is important in our opinion to find an 
alternative proof in the contact case. 
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6. Some open questions and a conjecture 

The Greenfield-Wallach and Katok conjectures remain open in dimension 
higher than 3 and there are no results available in the general case other 
than [IRHRH06II . We would like to propose some partial problems which 
we think may be relevant partial steps toward a solution. The selection of 
such problems is quite obviously influenced by the approach we carried out 
in the 3-dimensional case. It is entirely possible that completely different 
ideas are needed. 

Problem 1. Find an alternative proof that there are no ( CF) contact vector 
fields on 3-dimensional manifolds (or rational homology spheres). 

Problem 2. Prove the Katok conjecture for homogeneous flows in arbitrary 
dimensions ( that is, for homogeneous flows on closed, connected, homo- 
geneous manifolds M = G/T where G is an arbitrary connected, simply 
connected Lie group and T is a co-compact lattice). 

If M is a nilmanifold, that is, when G is a nilpotent Lie group, Problem [2] 
has been solved by the author in collaboration with L. Flaminio [IFF07L 

Finally, we remark that all known examples of volume preserving (uniquely 
ergodic) vector fields which fail to be (CF) have large spaces of invariant 
distributions with the exception of constant Liouville vector fields on tori. 
This suggests that the only source of lack of stabilty comes from the Liou- 
ville phenomenon on a toral factor. In particular we propose the following: 

Conjecture 6.1. If a closed, connected, orientable manifold M admits a 
volume-preserving vector fleld X such that the space Jx^M) of all X- 
invariant distributions is 1-dimensional, then M is diffeomorphic to a torus. 

Obviously, the above conjecture is stronger that the Katok conjecture. It is 
true in dimension 2 and for homogenous flows in dimension 3. It is also 
true for nilflows in all dimensions IIFF07II . It is open in all other cases and 
seems to be beyond reach at the moment even in dimension 3. 
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